Abstract-An improved T-model equivalent circuit of a singlesided linear induction machine (SLIM) is proposed. The analysis utilizes a set of one-dimensional air gap flux linkage equations. The model takes longitudinal end and transversal edge effects into consideration. These have to account for primary terminal half-filled slots, secondary back-iron saturation and skin effect in the secondary conducting sheet. In the circuit, several coefficients are obtained by use of the dummy electric potential method in conjunction with consideration of the complex power equivalence between the primary and secondary sides. The coefficients derived include the longitudinal end effect coefficients K r and K x , transversal edge effect coefficients C r and C x , and skin effect coefficient K f . The accuracy of the T-model is validated using comparison to a set of measured data under constant current -constant frequency conditions. These were taken from the Intermediate Capacity Transit System (ICTS) in Canada. An optimal design scheme for the SLIM is addressed. The application used for the optimization is a prototype propulsion system in a high temperature superconducting (HTS) maglev drive. The efficiency and primary weight are chosen as optimal objective functions while the thrust, power factor and other performance indexes are calculated.
INTRODUCTION
Mass transport metro trains driven by a single-sided linear induction motors (SLIM) are being investigated by both academia and industry. This drive system is illustrated in Fig.  1 . This drive system has direct propulsive thrust which is independent of the friction between wheel and rail. This leads to a smaller cross-sectional area requirement for tunnels, smaller turning radius, faster acceleration and a stronger hillclimbing ability compared to a standard rotary induction machine (RIM) drive via the rail wheels [1] [2] [3] [4] [5] [6] [7] [8] [9] .
There are many examples were SLIMs have been used in transportation systems, especially in the intermediate speed range. Two typical examples are: the High Speed Surface Transport (HSST) system, developed in Japan; and the Linear Metro, produced by the Bombardier Company in Canada [11] [12] [13] [14] . The most recent investigation reported that there are more than twenty commercial Linear Metro lines around the world, with more than 400 kilometers of line. These include the Vancouver light train in Canada, the Kuala Lumpur Rapid Train in Malaysia, the Kennedy Air Line in the USA, the Linear Metro in Japan, and The Guangzhou Subway (lines 4, 6 and 8) and Beijing Airport Rapid Transportation line, in China. Linear metros have a great potential market in China because of their merits as described above. These satisfy many of the special transportation requirements, such as good hill-climbing capability (e.g., in Chongqing, which is a very mountainous region).
In Fig. 1 , it can be seen that the SLIM primary is suspended below the bogie of the vehicle. This is supplied by a 3-phase inverter. The secondary is laid horizontal in the center of the railway track. Typically, this will consist of a 3 to 8 mm thick copper/aluminum conductance sheet and 10 to 30 mm thick back iron. When the primary three-phase windings are supplied with AC current from the converter, the machine is fluxed and EMFs are induced into the secondary conducting sheet which generates eddy currents. The eddy currents interact with the motor flux to produce horizontal electromagnetic thrust in the forward direction [1] [2] [3] [4] . This is fully analogous to a RIM. However, the SLIM is effectively a RIM which is cut open and rolled out into a linear format. This means that the magnetic circuit has some unique properties associated with the longitudinal end-effects, normal force consideration and transversal edge variation effects. The main issues are because the primary and secondary are not locked into relative position via bearings, and at each end of the primary there are half-filled slots which allow roll-out of the coils. These particular phenomena will have detrimental affects on the air gap flux distribution, and further affect its thrust, power factor and efficiency. There are lots of investigations to obtain a comparatively accurate equivalent circuit for steady performance studies of the SLIM [3, 4] which account for these characteristics.
Over several decades, many models and techniques for modeling the SLIM have been proposed. However, effective methods for accurately designing the SLIM have been difficult to derive because of the longitudinal and transversal end effects, and effects of the half-filled slots [1, 2, [4] [5] [6] . The selection of electric loading and magnetic loading is often not possible because the apparent power (kVA) cannot be calculated easily due the highly nonlinear magnet circuit characteristics. In addition, the power factor and efficiency are affected by the end windings. The pole pitch can be varied structurally but the selection of voltage, frequency and rated slip is not straightforward, even with a known rated velocity [7, 8] .
An improved model is set out in this paper. It utilizes the air-gap flux density equation, which fully takes into account longitudinal end and transversal edge effects, half-filled slots, back-iron saturation and skin effect. A performance study of one drive machine is carried out. Several optimal design equations are derived; these obtain the maximum efficiency and minimum primary weight required for practical engineering design calculation. The functions obtained are nonlinearly constrained functions. It is necessary to choose a suitable solving method to obtain many independent variables. These variables include the rated slip, number of poles, pole pitch, stack height, ratio of slot width to slot pitch, thickness of secondary conductor sheet, tooth magnetic density and secondary overhang [9] .
II.
PHYSICAL MODEL, PHYSICAL STRUCTURE AND MATHEMATICAL ANALYTIC MODEL In order to simplify the derivation, several assumptions are made [1] [2] [3] [4] [5] [6] [7] [8] [9] :
(a) The stator iron has infinite permeability. The material of stator iron is silicon-steel sheet with from 0.2 to 0.5 mm thickness, whose relative permeability is about 2000. (b) Winding space harmonics are negligible. Winding space harmonics is related with the primary winding distribution, which can be reduced by optimal winding arrangement during the electromagnetic design procedure. It can be further reduced by harmonic elimination control schemes. (c) The primary and secondary currents flow in infinitesimally thin sheets. In electrical machine field theory, the winding current or eddy current is usually represented by current sheets without thickness. The actual primary or secondary eddy a discrete quantity, while the current sheet is continuous. If they produce the same MMF, they will be equivalent to each other. (d) All magnetic variables are sinusoidal time functions. Strictly speaking, the SLIM air-gap flux density is a single three-dimensional function in the x-, y-, z-coordinates. In a two-dimensional model, the flux density has variation in xand y-coordinates. However, for both two-and threedimensional models, the equation derivation is lengthy, and the calculation procedure time consuming. In many applications, such as the linear metro, a one-dimensional model is sufficient for engineering design. This only considers the x-axis field variation. The one-dimensional analytical model is shown in Fig. 2 . The primary is Area 1, the secondary sheet is Area 2, the air-gap is Area 3, the exit end is Area 4 and the entrance end is Area 5.
SLIMs have longitudinal end effects due to the open-ended finite-length primary and transversal edge effects due to different core widths between the primary and secondary. Their influence on the SLIM parameters can be analyzed separately, and then incorporated together using superposition. More details of the derivation can be found in [4] and [6] . The important expressions are summarized below.
The skin effect correction coefficient K f is
where K is a function of slip and machine structure, d is the thickness of secondary metal sheet and g e is the equivalent magnetic air-gap length. A 1 and B 1 are coefficients which are slip and machine structure (such as stator pole width/height) functions. The air-gap length g e can be expressed as ( )
where K c is the Carter coefficient and K u is the magnetic saturation coefficient. A 1 and B 1 are
where s is the slip, ω is the primary electrical angular velocity, ρ second is the resistivity of secondary electrical sheet, and μ 0 is the permeability of air. The longitudinal end-effect coefficients K r and K x are denoted by 
where C 1 and C 2 are the functions of slip s and goodness factor G. P e is the number of equivalent pole-pairs, and τ is the pole pitch. The transverse end-effect coefficients C r and C x can be represented by
where T is the function of slip, goodness factor and motor structure, and Re and Im are the real part and image parts of the complex variable T. This is expressed by ( )
where a 1 is half the primary lamination width, α is the ratio of c to τ, and c is half the width of the secondary sheet overhang. γ and λ can be derived as [ ]
where c 2 is half width of the secondary sheet.
The six parameters in the T-circuit: primary resistance R s, primary leakage inductance L ls , secondary equivalent resistance R r , secondary leakage inductance L lr , mutual inductance L m1 , and the iron loss resistance R Fe in series with the mutual inductance are derived below.
The primary resistance R s is 1 2 av
where ρ Cu is the resistivity of copper, l av is half the average length of the primary winding loop, W 1 is the number of turns of the primary winding in series and S cu is the cross sectional area of the primary winding conductor. The primary leakage inductance L ls is 2 1 0.025
where l δ is the width of primary lamination and P is the number of actual pole pairs. There are several magnetic conductances: λ s is the primary slot conductance, λ t is primary tooth conductance, λ e is primary end-winding leakage conductance and λ d is primary harmonic leakage conductance. The secondary resistance is formed from the conducting sheet and back iron; the flux penetrates through the aluminum or copper sheet [2, 6] 
where 
The secondary leakage inductance L lr is
where f 1 is primary excitation frequency. The magnetizing inductance is ( )
where v s is the synchronous velocity of primary side, this is a function of f 1 so that f 1 is in the denominator to make the expression frequency independent. The iron loss power P Fe in the SLIM is mainly composed of primary yoke, primary tooth, and secondary back iron losses. They can be estimated by the empirical formulas [6] , and then the iron loss resistance R Fe is calculated from where I e is the excited current.
Using the T-model equivalent circuit of the RIM, the derived T-model of the SLIM is illustrated in Fig. 3 . This includes the six parameters derived above. The longitudinal end and transversal edge effects modify the mutual inductance and secondary equivalent resistance. If K r = K x = C r = C x = 1 (i.e., neglecting both longitudinal and transversal end effects) the circuit is simplified to that of the RIM. mutual inductance and secondary equivalent resistance can be described by the four coefficients.
III.
VERIFICATION OF THE T-MODEL CIRCUIT In order to verify the T-model equivalent circuit, a measured steady performance analysis of the Intermediate Capacity Transit System (ICTS) is Canada is used as a comparison. The machine is detailed in [7] and [8] and the reported parameters are used to set the simulation parameters. The primary frequency f 1 varies from 10 Hz to 40 Hz, and the primary RMS current is kept constant 465 A. The calculated thrust F t and phase voltage U s agree with those measured; the average errors are 7.18 % and 4.16 % respectively. IV. OPTIMAL DESIGN OF SLIM As an example, an optimal design of a SLIM drive for a prototype transportation system was carried out. The system levitation is obtained from the interaction force between high temperature superconducting (HTS) bulks placed on the ground and permanent magnets (PMs) mounted on the bottom of the vehicle, while the driving force is provided by an SLIM system on the side of the prototype vehicle. Fig. 4 shows the side view of the stationary part of the LIM formed by stacking a number of modular laminated steel cores in the moving direction. Each modular core consists of a concentrated coil. The coils form a 3-phase winding and are supplied from a varying-voltage varying-frequency inverter. The slot has a depth of 75 mm and a width of 25 mm. The width of middle tooth is 50 mm, the width of side tooth is 25 mm. The height of yoke is 25 mm and the transversal length of the modular core is 100 mm [9] .
Using the design requirements, an optimization is carried out using the original dimensions as the starting point. The efficiency and primary weight are regarded as the objective functions under the given thrust, this gives
where p 1 is the input active power, p 2 is the output active power, G teeth is the primary teeth weight, G york is the primary yoke weight, and G winding is the primary winding weight.
The following parameters are selected as the constraint variables: efficiency (η), power factor (cosφ), product of power factor and efficiency (ηcosφ), flux density in primary tooth (B t ), primary length (L), primary weight (W p ), thrust (F t ), primary phase voltage (U s ), primary phase current (I s ), and primary conductor current density (J) [6] . Other parameters are taken as design variables: slip (s), stack height (l δ ), slot depth (h t ), slot width (b s ), primary height (h a ), pole pitch (τ), short pitch factor (β), and number of turns per phase in series (N s ) [6] . The parameters involving subscript "0" are the original values, and the remaining variables are the optimal results. The constraint conditions are given by
The above equations (20)- (30) are nonlinear functions influenced by many variables, such as structural parameters and electrical variables. They are solved by both a genetic algorithm (GA) and the mixture penalty function method. The GA can convert the nonlinear constraint functions into linear sub-problems. This allows a reasonable range of final results to be obtained very quickly. The mixture penalty function keeps the solutions to within a rationale scope by rectification when they are out of the constraint limits [6] . During the optimization process, the rated velocity was set to 40 km/h. The major dimensions and parameters of the proposed LIM include a rated primary voltage of 380 V, rated primary current of 37 A, rated apparent power of 24 kVA, rated output power of 8.5 kW, rated driving force of 780 N, vehicle length of 1.65 m and mechanical air-gap length of 10 mm [9] .
Using the equivalent circuit, the major characteristics of LIM can be obtained. For example, the curves of thrust, primary voltage and current versus velocity are shown in Fig.  5 . The thrust force is actually determined by the load, i.e., the wind and friction resistances and acceleration. Below the base velocity, the LIM adopts a constant force control so that the thrust force is almost constant. Above the base velocity, the LIM adopts the constant power control so that the output power is almost constant and the phase voltage has reached its maximum value. The reactance continues to increase, so the phase current needs be controlled so that it decreases (in addition to the thrust). Fig. 6 illustrates the curves of primary and secondary slip frequencies. Below the base speed, the slip frequency is kept constant at 8 Hz. Above the base speed it increases linearly according to drive requirement for maximum voltage limitation. Fig. 7 shows the SLIM drive power factor, efficiency and product of power factor and efficiency. Because there is a large air-gap, the excitation (or magnetization) current is a large component of the total phase current. This will constrain the maximum efficiency. Using optimization, the maximum efficiency can reach 78 %. The corrected mutual inductance and secondary resistance are given in Fig. 8 . Since the speed increases, the mutual inductance will decrease and secondary resistance increase as the air-gap flux density distorts. Fig. 9 plots the drive capacity, input power and output power with respect to the vehicle velocity.
V. CONCLUSIONS The paper reports on an optimization process for the design if a SLIM. In order to attain high efficiency, the optimization process greatly changes the slot width, slot depth and pole pitch. The ratio of total resistance to reactance becomes smaller, which reduces the power factor. For limitation of the converter apparent output requirement, restrictions should be made to the product of the power factor and efficiency to ensure that the optimal results do not increase the demands on the converter. In a linear drive transportation system, the inverter is placed on the vehicle. Under the same output power, the product of power factor and efficiency dictates the converter rating power, i.e., it will affect the weight of converter. Hence, it is important to improve the efficiency while not decreasing the product of power factor and efficiency. This ensures the maximum net load [2] .
In the motor design scheme, there are two regions: "constant current" and "constant power". Below the base speed of 40 km/h, the primary phase current and slip frequency are kept constant (37 A and 8 Hz). Due to the power conditioner voltage limit, constant voltage operation is applied above base speed [5, 8] . The influence of end effects, the mutual inductance will decrease as the velocity goes up, which could reduce the net thrust. It can be seen from Fig. 5 that there is no absolute constant thrust or constant power region in the SLIM drive system if there is no compensation for the phase current. Hence the SLIM drive capability of is not as stiff as that of RIM.
In this paper, one maximum efficiency optimal design of a SLIM, for a propulsion system in maglev transportation, was performed. When the number of poles is larger and the pole and slip are smaller, the efficiency will be improved. However it is necessary to limit the product of power factor and efficiency so as not to increase the inverter weight under the same output power. 
